We study the cosmology in the presence of arbitrary couplings between p-forms in 4-dimensional space-time for a general action respecting gauge symmetry and parity invariance. The interaction between 0-form (scalar field φ) and 3-form fields gives rise to an effective potential V eff (φ) for the former after integrating out the contribution of the latter. We explore the dynamics of inflation on an anisotropic cosmological background for a coupled system of 0-, 1-, and 2-forms. In the absence of interactions between 1-and 2-forms, we derive conditions under which the anisotropic shear endowed with nearly constant energy densities of 1-and 2-forms survives during slow-roll inflation for an arbitrary scalar potential V eff (φ). If 1-and 2-forms are coupled to each other, we show the existence of a new class of anisotropic inflationary solutions in which the energy density of 2-form is sustained by that of 1-form through their interactions. Our general analytic formulas for the anisotropic shear are also confirmed by the numerical analysis for a concrete inflaton potential.
Introduction
The observational evidence for inflation and dark energy suggests that there may be additional degrees of freedom (DOFs) beyond those appearing in standard models of particle physics and general relativity. The simplest candidate for such new DOFs is a scalar field φ (0-form), which can be compatible with the homogeneous and isotropic cosmological background. Indeed, the scalar field slowly evolving along a nearly flat potential V (φ) drives the cosmic acceleration [1] [2] [3] [4] [5] [6] [7] . The mechanism of generating scalar and tensor perturbations during single-field inflation [8] [9] [10] [11] [12] [13] is overall consistent with the observed scalar spectral index and the tensor-to-scalar ratio of Cosmic Microwave Background (CMB) temperature anisotropies [14] [15] [16] .
On the other hand, it is known that there are some anomalies in the CMB data such as the hemispherical asymmetry between the North and South ecliptic hemispheres, the mutual alignment of lowest multipole moments, and the dipole modulation of very large-scale CMB signals [16, 17] . This may be attributed to the violation of the isotropic cosmological evolution. For a scalar field, the breaking of isotropy of space-time is limited apart from specific cases [18] . The vector field A µ (i.e., 1-form field) or the 2-form field B µν can be the natural sources for generating anisotropies relevant to CMB anomalies.
If we apply the 1-form field to inflation, there is a no-hair theorem stating that, in the presence of an effective cosmological constant, the anisotropic shear generated by the 1-form dilutes exponentially fast, so, an isotropic de Sitter background is quickly obtained [19, 20] . Nevertheless, in the presence of the coupling −f 1 (φ)F µν F µν /4, where f 1 (φ) is a function of the scalar field φ and F µν = ∂ µ A ν − ∂ ν A µ is the field strength of the 1-form A µ , it is possible to sustain the anisotropic hair on the quasi de Sitter background where the Hubble expansion rate slowly varies in time [21] . The power spectrum of curvature perturbations is modified by the broken rotational invariance, whose effect can be quantified by an anisotropic parameter inflaton potentials. The survival of anisotropic hair will be also numerically confirmed for a concrete inflaton potential. This paper is organized as follows. In section 2 we briefly review the basics of p-forms by following the general results of Ref. [62] . In section 3 we study the uncoupled system between 1-and 2-forms and find general conditions under which the anisotropic shear survives during inflation. In section 4 we take into account the interaction between 1-and 2-forms and obtain a new class of anisotropic inflationary solutions. Section 5 is devoted to conclusions.
Throughout the paper, we use the Lorentzian metric g µν with the sign convention (−, +, +, +). Greek indices α, β, γ · · · denote space-time coordinates, while latin indices i, j, k, · · · represent spatial coordinates.
Coupled p-forms and anisotropic cosmological background
The general gauge-invariant action of coupled p-forms was derived in Ref. [62] by restricting the derivatives of fields up to first order. In Sec. 2.1, we briefly review such a system and show how the 3-form coupled to the scalar field φ generates the effective potential for φ. In Sec. 2.2, we derive the field equations of motion on the anisotropic cosmological background for parity-invariant coupled p-form theories.
Action of coupled p-forms
In the 4-dimensional space-time, the p-forms A (p) , where p = 1, 2, 3, are defined, respectively, by
where A (2)µ 1 µ 2 and A (3)µ 1 µ 2 µ 3 are totally anti-symmetric tensors, and ∧ represents the wedge product. Associated with them, we define the field strengths,
2) and the Hodge duals,
where
, g is the determinant of metric tensor g µν , and ǫ µ 1 µ 2 µ 3 µ 4 is the Levi-Civita symbol with the convention ǫ 0123 = 1. The Lagrangian of interacting p-forms consistent with Abelian gauge invariance was derived in Ref. [62] by restricting the field derivatives up to first order. Besides p-forms, we take into account a canonical scalar field φ with the potential V (φ). For the gravity sector we consider the Einstein-Hilbert Lagrangian M 2 pl R/2, where M pl is the reduced Planck mass and R is the Ricci scalar. We assume that the scalar and form fields are minimally coupled to gravity. Then, the total action of such a system is given by
The Lagrangian L p , which arises from p-forms, consists of two contributions:
where f p (φ), g(φ), and h p (φ) are φ-dependent functions, and
In the sum in L T we extended the notation (2.1) to include the scalar field as a 0-form, that is,
The Lagrangian L M corresponds to dynamical, quadratic, Maxwell-like terms, whereas L T represents topological terms. The contribution g(φ)F (1) ∧F (1) to L T is the Chern-Pontyiagin term (or θ-term), which affects the background dynamics when it is coupled to the scalar field through the function g(φ). The other contributions to L T are the so called BF -terms [80] [81] [82] [83] [84] [85] [86] . In total, we have four terms of this type:
After integration by parts, however, it can be seen that A (0) ∧F (3) and A (1) ∧F (2) are equivalent to A (3) ∧ F (0) and A (2) ∧ F (1) , respectively. In the following, we will keep the terms A (0) ∧ F (3) and A (2) ∧ F (1) . After redefining the coupling functions, the complete p-form Lagrangian is expressed as
We note that further couplings between 1-, 2-, and 3-forms are already included in the previous Lagrangian. For instance, we have
Other possible combinations like 12) are null due to contractions between antisymmetric and symmetric indices. Moreover, couplings involving the kinetic term X = −∂ µ φ∂ µ φ/2 of the scalar, such as f (φ, X)F 2 (p) or ∂ µ φF µα ∂ ν φF ν α , suffer from Hamiltonian instability and non-hyperbolicity of the equations of motion [87] , so, we will not consider those terms either. Now, we will explicitly show that, after integrating out the 3-form field from the action, it can be absorbed into the scalar potential. To see this, we isolate the terms in L φ + L p corresponding to the scalar field and the 3-form, as
Varying the corresponding action with respect to φ and A (3) respectively, it follows that
14) 15) where the notation V ,φ = dV /dφ is used. We exploit the fact that F (3)µνσρ is proportional to the volume element √ −g, i.e., 
where c is an integration constant. Plugging this solution into Eq. (2.13) and using the properties
Varying the corresponding action with respect to φ and comparing the resulting equation of motion with Eq. (2.14), we find that the constant c is fixed to zero. Then, the coupled system of scalar and 3-forms is equivalent to the Lagrangian, 19) where V eff (φ) is the effective potential given by
Thus, in the presence of coupling functions f 3 (φ) and g 3 (φ), the 3-form induces the potential
for the scalar field. Keeping in mind that we are considering a gauge-invariant theory, the coupling g 2 (φ) in Eq. (2.10) is constrained to be constant. We will use the notation:
Additionally, in this work, we focus on parity-conserving theories invariant under the transformation P: x → − x. Hence we set the coupling g 1 (φ) to 0 in the following. Despite the presence of the Levi-Civita symbol in A (2)µ1µ2F(1) µ 1 µ 2 , this can be absorbed as a parity conserving longitudinal mass term for the 1-form A (1)µ [62, [83] [84] [85] 2 . Then, the Lagrangian (2.10) preserving gauge symmetry and parity invariance yields
For the later convenience, we will use the following notations for the p-forms and their respective field strengths:
and
Then, the total action (2.4) reduces to
(2.25) Varying the action (2.25) with respect to g αβ on general curved backgrounds, it follows that
where R αβ is the Ricci tensor, and T αβ is the energy-momentum tensor defined by
The topological BF term does not contribute to the energy-momentum tensor as they are independent of the metric. The equations of motion for φ, 1-form, and 2-form following from the action (2.25) are given, respectively, by
whereB µν = E µναβ B αβ /2. These equations are complemented with the Bianchi identities,
together with the gauge choice.
Background equations on the anisotropic cosmological background
We derive the dynamical equations of motion for the reduced action (2.25) on the anisotropic cosmological background. We consider the 1-form field A µ alined in the x direction, such that A µ = (0, v A (t), 0, 0), where v A depends on the cosmic time t. For the 2-form field B µν , we choose the configuration orthogonal to the 1-form field, such that B µν dx µ ∧ dx ν = 2v B (t)dy ∧ dz, where v B depends on t. Since there is a rotational symmetry in the (y, z) plane, we can take the line element in the following form, 32) where N (t) is a lapse function, a ≡ e α(t) is an isotropic scale factor, and σ(t) is a spatial shear. The non-vanishing components F µν and B µν are given by F 01 = −F 10 =v A and
where a dot represents a derivative with respect to t. Then, the action (2.25) yields
Varying the action (2.33) with respect to v A and v B , respectively, and setting N = 1 at the end, it follows that 
This means that both 1-and 2-form fields acquire the effective mass term
Varying the action (2.33) with respect to N, α, σ, and φ, we obtain
where ρ A and ρ B are the energy densities of 1-and 2-forms defined, respectively, by 
43)
where we assumed thatv A > 0 andv B > 0 without loss of generality. In subsequent sections, we exploit the above background equations of motion to study the dynamics of anisotropic inflation.
Anisotropic inflation for uncoupled 1-form and 2-form fields
It is known that anisotropic inflation can be realized by the couplings of the scalar field φ with 1-form [21] or 2-form [43] fields. We study the dynamics of anisotropic inflation driven by both 1-and 2-form fields without specifying the form of the effective scalar potential V eff (φ).
In this section, we consider the system in which the 1-and 2-form fields are uncoupled to each other, i.e.,
In this case, we obtainv 
Provided that |σ| ≪ α, the couplings f 1 (φ) ∝ e −4α and f 2 (φ) ∝ e −2α lead to nearly constant values of ρ A and ρ B , respectively. During inflation in which the scalar field φ evolves slowly along the nearly flat potential V eff (φ), we can resort to the slow-roll approximationsφ 2 /2 ≪ V eff (φ) and |φ| ≪ |3αφ|. Ignoring also the contributions of 1-and 2-form fields to Eqs. (2.38) and (2.41), we obtain 3M 2 plα 2 ≃ V eff (φ) and 3αφ ≃ −V eff,φ , so that
and f 2 (φ) ∝ e −2α correspond, respectively, to
In Refs. [21, 43, 44] , it was shown that these couplings separately give rise to anisotropic inflation with the non-vanishing shear Σ ≡σ satisfying
where α 0 is a constant, and
It is also possible to sustain the anisotropic hair for the functions given by
where c 1 and c 2 are constants. In the following, we study the dynamics of anisotropic inflation for the system in which the couplings of the form (3.7) coexist. The similar analysis was carried out in Ref. [77] for the exponential potential V eff (φ) = V 0 e λφ/M pl , in which case the couplings (3.7) correspond to f 1 (φ) = e 4c 1 φ/(λM pl ) and f 2 (φ) = e 2c 2 φ/(λM pl ) . In this case there is no exit from the inflationary stage, so we will perform a more general treatment without assuming the form of V eff (φ).
If the contributions of 1-and 2-form fields to Eq. (2.41) are negligibly small, there is the approximation relation dα/dφ ≃ −V eff /(M 2 pl V eff,φ ). In this regime, the couplings evolve as f 1 (φ) ∝ e −4c 1 α and f 2 (φ) ∝ e −2c 2 α , so that ρ A ∝ e 4(c 1 −1)α−4σ and ρ B ∝ e 2(c 2 −1)α+4σ . Provided that |σ| ≪ α, ρ A and ρ B increase for c 1 > 1 and c 2 > 1, respectively. Then, the energy densities of 1-and 2-form fields should start to contribute to the background cosmological dynamics.
In the following, we perform a more refined treatment for the dynamics of anisotropic inflation without ignoring the couplings of φ with 1-and 2-form fields in Eq. (2.41). Applying the slow-roll approximation |φ| ≪ |3αφ| to Eq. (2.41), it follows that
8) where
The evolution of inflaton φ slows down by the existence of couplings f 1 (φ) and f 2 (φ). Then, the solutions eventually enter the stage in which either ρ A or ρ B approaches a constant value smaller than V eff . To understand this behavior, we first write Eq. (3.8) in the form
(3.10) Introducing the quantity
Eq. (3.10) can be further expressed as
In what follows, we integrate Eq. (3.12) under the approximation that the quantity ǫ V V eff is constant. We also neglect the time dependence of σ under the condition that |σ| ≪ α.
When p B = 0, the integrated solution to Eq. (3.12) is given by
where Σ A is a constant. For c 1 > 1, the first term on the right hand side of Eq. (3.13) exponentially increases during inflation. Hence the quantity x approaches the value
If p A = 0, then the solution to Eq. (3.12) reads
where Σ B is a constant. For c 2 > 1, the variable x eventually approaches the value In the following, we study each case separately.
In this case, Eq. (3.12) is dominated by the term arising from the 1-form, so we can ignore the 2-form contribution to Eq. (3.8). From Eq. (3.14), we obtain
Then, the 1-form energy density reduces to 18) which is nearly constant during inflation. From Eq. (2.40), the ratio between the shear and the Hubble expansion rate approaches the value 
the 2-form energy density is given by
The shear divided by the Hubble expansion rate can be estimated as
Applying Eq. (3.24) to Eq. (3.8), we find 27) so that the coupling between φ and the 2-form leads to the decrease of inflaton velocity for c 2 > 1. On using Eqs. (3.25) and (3.27), the slow-roll parameter ǫ yields
Then, from Eq. (3.26), it follows that
which is approximately a negative constant during inflation. This result matches with that derived in Ref. [43] for the system in which the inflaton is coupled to the 2-form field alone. 
c
where the constant C obeys
The solution (3.31) translates to
On using this relation and ignoring the σ-dependent terms in Eq. (2.42), the energy densities arising from 1-and 2-form fields are given, respectively, by 
where we employed the relation (3.35) and the slow-roll approximation 3M 2 pl H 2 ≃ V eff . We define the ratio between 1-and 2-form energy densities, as 
Numerical solutions
To confirm the accuracy of analytic solutions derived above, we perform numerical integrations for the quadratic potential
where µ is a constant having a dimension of mass. We introduce the following dimensionless quantities:v
where a prime represents a derivative with respect to the dimensionless timet = µt. For the couplings given by Eq. (3.7), we can express Eqs. (2.38)-(2.41) in the forms:
44)
From Eqs. (2.43) and (2.44), the 1-and 2-form energy densities obey the differential equations: . In this case, anisotropic inflation occurs with the smaller ratio Σ/H compared to case (a) by reflecting the fact that r AB is smaller. In case (c), the quantity r AB at α = 20 is r AB = 1.13, so this is quite close to the border value r AB = 1 at which Σ/H changes its sign. If the value of r AB is smaller than 1 before the solutions reach the regime with the nearly constant ratio Σ/H, we find that Σ/H is negative during anisotropic inflation.
For r AB close to 0, our numerical simulations show that there exists the anisotropic inflationary period with the negative value Σ/H ≃ −2(c 1 − 1)ǫ/(3c 1 ). The accuracy of the analytic formula (3.41) is also numerically checked for arbitrary positive values of r AB . Thus, for c 1 = c 2 > 1, we have confirmed that anisotropic inflation with the shear in the range
is indeed realized. There is a specific case around r AB = 1 in which Σ/H is vanishingly small due to the compensation of 1-and 2-form contributions to the shear. In Fig. 1 , we find that Σ/H starts to decrease around the end of inflation. After inflation, the Universe enters the reheating stage in which the inflaton field oscillates around the potential minimum. The precise evolution of Σ during reheating depends on how the scalar and form fields decay to radiation, but as long as ρ A and ρ B quickly decrease toward 0, Eq. (2.40) shows that Σ decreases in proportion to a −3 .
The numerical results of Fig. 1 correspond to the case c 1 = c 2 > 1, but we also confirmed that, for c 1 > c 2 > 1 and c 2 > c 1 > 1, there are the anisotropic inflationary periods in which Σ/H is given by Eqs. (3.23) and (3.29) respectively. These properties hold for other choices of the inflaton potential V eff (φ) as well.
Anisotropic inflation for coupled 1-form and 2-form fields
In this section, we study whether anisotropic inflation in which both ρ A and ρ B are nearly constant can be realized by the presence of the non-vanishing coupling m v between 1-and 2-form fields.
For m v = 0, we showed that this is possible for the functions (3.7) with c 1 = c 2 > 1. In the regime where the anisotropic hair is present, there is the particular relation (3.33) and hence dα/dφ = −c 1 V eff /(M 2 pl V eff,φ ). Then, after ignoring theσ term, the first terms on the right hand sides of Eqs. (2.43) and (2.44) vanish. To estimate the effect of non-vanishing coupling m v on the solutions derived for m v = 0 and c 1 = c 2 > 1, we write ρ A and ρ B in the forms ρ A =ρ A + δρ A (t) and ρ B =ρ B + δρ B (t), whereρ A andρ B are constants. On using the relation (3.33) with c 1 = c 2 , the couplings given by Eq. (3.7) evolve as f 1 =f 1 a −4 and f 2 =f 2 a −2 , wheref 1 andf 2 are constants. Then, the homogeneous perturbations δρ A (t) and δρ B (t) obeyδ
Approximating the inflationary background as the de-Sitter expansion, i.e., a = e Ht , the integrated solutions to Eq. (4.1) are
where we dropped the integration constants. From Eq. (4.2), the non-vanishing coupling m v leads to the deviation from the solutions ρ A =ρ A and ρ B =ρ B . In other words, the anisotropic inflationary solutions supported by uncoupled 1-and 2-form fields for c 1 = c 2 > 1 tend to disappear by taking into account their interactions. Let us discuss the other choices of couplings f 1 and f 2 for the realization of solutionṡ ρ A ≃ 0 andρ B ≃ 0. For c 1 and c 2 of order unity, the termsα +σ +ḟ 1 /(4f 1 ) andα − 2σ + f 2 /(2f 2 ) in Eqs. (2.43) and (2.44) are at most of order H. Then, the conditionsρ A ≃ 0 anḋ
, respectively. During inflation, the compatibility of these two conditions implies that f 1 f 2 = constant, i.e.,
In this case, the mass term defined bym
is constant.
Analytic solutions
We derive analytic solutions to the shear Σ =σ during inflation for the constants c 1 and c 2 satisfying the condition (4.3). Then, we can express Eqs. (2.43) and (2.44) in the following forms:ρ
Imposing the conditionsρ A = 0 andρ B = 0, we obtain the following relation
In another limitm 2 v /H 2 ≫ 1, the ratio ρ B /ρ A approaches 1. In the latter regime, we can set ρ B ≃ ρ A in Eq. (4.5), so thaṫ
Sincem v is much larger than H, the exponential decrease of ρ A occurs during inflation. Hence the anisotropic shear does not survive in the regimem 2 v /H 2 ≫ 1. As we will see below, this is not the case form 2 v smaller than the order of H 2 . Let us explore the dynamics of anisotropic inflation in the regimem 2 v /H 2 ≪ 1. On using Eq. (4.8), Eqs. (4.5) and (4.6) reduce, respectively, tȯ
From Eq. (4.11), the conditionρ B = 0 holds foṙ 
whose solution is 14) where ρ A0 is an integration constant. The critical time t c after which ρ A is subject to the exponential suppression is identified by the moment at which the integral 
From Eqs. (4.12), (4.15), and (4.16), the 1-form energy density can be expressed as 18) which is analogous to Eq. (3.20) . From Eqs. (2.38) and (2.39), the slow-roll parameter ǫ = −Ḣ/H 2 is expressed as 
Hence the anisotropic shear can survive during inflation for the coupled system of 1-and 2-forms. This period ends after the exponential decrease of ρ A characterized by Eq. (4.14) becomes significant at t > t c . For c 1 > 1, the 2-form energy density provides the negative contribution to Eq. 
Numerical solutions
To confirm the analytic estimation given in Sec. 4.1, we consider the quadratic potential 
Conclusions
We studied the dynamics of anisotropic inflation in gauge-invariant coupled p-form theories with parity invariance. The 3-form coupled to the scalar field φ generates the effective scalar potential after integrating out interacting Lagrangians from the action. As a result, the reduced action of coupled p-forms minimally coupled to gravity is of the form (2.25), which contains the interacting term −m v BF /2 between 1-and 2-forms. In Sec. 2.2, we derived the equations of motion on the anisotropic background (2.32) to study the evolution of the cosmic shear during inflation.
If m v = 0, it is known that the couplings −f 1 (φ)F 2 /4 and −f 2 (φ)H 2 /12 in the action (2.25) can separately sustain the anisotropic shear during slow-roll inflation for the couplings (3.7) [21, 43] . When these two couplings coexist, the presence of an anisotropic inflationary attractor was shown in Ref. [77] for the exponential potential V eff (φ) = V 0 e λφ . Without specifying any inflaton potential, we derived the general analytic formulas of the shear Σ to the Hubble expansion rate H during inflation in the presence of two couplings mentioned above. As we showed in Sec. 3, there are three qualitatively different cases depending on the coupling constants c 1 and c 2 : (A) c 1 > c 2 > 1, (B) c 2 > c 1 > 1, and (C) c 1 = c 2 > 1. The case (C) is particularly of interest, as both 1-and 2-forms contribute to the shear. As we see in the formula (3.41), there is a special case in which Σ/H vanishes at r AB = 1 due to the compensation of 1-and 2-form contributions to the shear. In Fig. 1 , we confirmed that our analytic formulas are sufficiently accurate during the anisotropic inflationary period driven by the quadratic potential (3.42) .
When m v = 0, we explored the possibility for realizing anisotropic inflation supported by both 1-and 2-forms. In Sec. 4, we first showed that the anisotropic shear present for the couplings c 1 = c 2 > 1 with m v = 0 tends to disappear by the non-vanishing coupling m v between 1-and 2-forms. However, for the couplings satisfying c 2 = −2c 1 and c 1 > 1, we found a new class of anisotropic inflationary solutions along which both ρ A and ρ B are approximately constant. In the regimem 2 v /H 2 ≪ 1, ρ B is sustained by ρ A according to the relation (4.8). As we observe in Eq. (4.14), ρ A is nearly constant by the time at which the integral α 0 2m 2 v /(3H 2 ) dα reaches the order 1. We showed that the ratio Σ/H is analytically given by Eq. (4.20) during slow-roll anisotropic inflation. Our analytic formulas were also numerically confirmed for the inflaton potential (3.42), see Fig. 2 .
There are several issues we did not address in this paper. First, it will be of interest to estimate the effect of the inflationary anisotropic shear on the primordial power spectra of scalar and tensor perturbations as well as on the non-linear estimator f NL of primordial non-Gaussianities with/without the interactions between 1-and 2-forms. In particular, the anisotropy parameter g * in the scalar power spectrum would be subject to change by the partial compensation of 1-and 2-form contributions to the shear. They can be exploited to confront the models of anisotropic inflation with the observational data of CMB temperature anisotropies. Finally, the application of our coupled p-form theories to the late-time cosmology, in particular, to the dynamics of dark energy and associated fixed points with their stabilities will be also interesting.
